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Abstract 

Let (R , m) be a Cohen-Macaulay local ring and Q a parameter ideal of R . 
Suppose that an acyclic complex F, of length 3 which is an R-iree resolution of an 
ideal a of R is given. In this paper, we describe a concrete procedure to get an 
acyclic complex *F, of length 3 that becomes an R- free resolution of a :r Q ■ As 
an application, we compute the symbolic powers of ideals generated by maximal 
minors of certain 2x3 matrices. 



1 Introduction 

Let (R, m) be a 3- dimensional Cohen-Macaulay local ring and Xi,x 2 , x 3 an sop for R . We 
put Q = (xi, x 2 , x%)R . Suppose that an acyclic complex 

F 3 ^ F 2 ^ F 1 ^> F = R 

of finitely generated free .R-moduIes such that Im<£>3 C QF2 is given. In this paper, we 
describe an operation to get an acyclic complex 

— >*F 3 ^% *F 2 ^ *Fi ^*F = R 



such that Im*^! = Imipi :r Q and Im*<^ 3 C m*F 2 , which is called the *-transform of F, 
with respect to Xi,x 2 ,x 3 . As we give a practical condition for *F 3 to be vanished, it is 
possible to consider when the depth of R/{lmipi : R Q) is positive. 

If R is a regular local ring and a is an ideal of R , taking a regular sop and the minimal 
free resolution of o as x±, x 2 , x% and F, , respectively, we get an acyclic complex *F. , which 
is a free resolution of a :r m . Here, let us notice that we can again take the *-transform 
of *F, with respect to a regular sop since lm*ip 3 C m*F 2 , and a free resolution of a :r m 2 
is induced. Repeating this operation, for any k > , we get a free resolution of a :r m k . 
Moreover, in the case where dim R/a > , it is possible to find the minimal integer k > 
such that depth R/ (a \r m k ) > . 

*Thc last author is supported by KAKENHI (23540042) 
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As an application of the transformation stated above, we can compute the symbolic 
powers of an ideal / generated by the maximal minors of the matrix 

x a y 13 z 1 
yP' z 1 ' x a ' 

where x, y, z is an sop for R and a, (3, 7, a', (3', 7' are positive integers. As is well known, 
R/I is a Cohen-Macaulay local ring with dimR/I = 1 . The n-th symbolic power of I is 
defined by 

J (n) = p| I n R p n R , 
peMin fl (/?//) 

and so, if J is an m-primary ideal such that depth R/(I n : R J) > , we have F n > = 
I n \r J . Because I is generated by a d-sequence, it is possible to describe a minimal 
free resolution of I n , and we can take its *-transform with respect to x a , y 13 , z 1 , where 
a" = min{ a, a' }, (3" = min{ (3, (3' } and 7" = min{ 7, 7' } . If the length of the resulting 
acyclic complex is still 3, we have depth R/(I n (x a ,y" ,z J )) = 0, and it means 
I n : n (x a ,y@ , z 1 ) C . Then, we take once more the ^-transform with respect to 
suitable powers of x,y, z . By repeating such operation several times, we can reach I^ n ' . 
In Section 4, we carry it out for n — 2, 3 . Our method is completely different from that 
used in [2] and [5], in which 1^ and 1^ are computed in the case where R is a regular 
local ring with the maximal ideal m = (x, y, z)R and J is a prime ideal. 

In the last section, assuming that R is a regular local ring and x, y, z is a regular sop 
for R , we compute the length of 1^ / I n for all n > 1 in the case where / is generated by 
the maximal minors of the matrix 

/ x y z 
y z x 2 

Starting from a minimal free resolution of I n , we repeat the operation to take the *- 
transform with respect to x,y, z successively. Then we get a free resolution of l n m fc 
for any k > 1 , and it follows that 1^ = I n :r m 9 , where q is the largest integer with 
q < n/2 . As our method enables us to compute the length of (I n :r m k )/(I n m fc_1 ) for 
any k > 1 , we get to know the length of j( n )// n exactly. As a consequence of our result, 
we see that the e-multiplicity of / , which is an invariant defined by 

e(/):= lim ^--l R ( /(")//») 

n— >oo 77, 

(cf. PQ, [6]), coincides with 1/2. 

Throughout this paper, R is a 3-dimensional Cohen-Macaulay local ring with the 
maximal ideal m. If an i?-module is a direct sum of finite number of -R-modules, its 
elements are denoted by column vectors. In particular, if an i?-module F is a direct sum 
of two i?-modules, say F = G © H , the elements in F of the form 

^ and (l) (geG,heH) 



are denoted by [g] and (h) , respectively. Moreover, if V is a subset of G , then the family 
{ id] }gcv is denoted by [V] . Similarly (W) is defined for a subset W of H . If T is a 
subset of an i?-module, we denote by R-T the -R-submodule generated by T . 
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2 Preliminaries 

In this section, we summarize preliminary results. Although they might be well known, 
we give the proofs for completeness. Let us begin with the following lemma. 

Lemma 2.1 LetG, and F, be acyclic complexes, whose boundary maps are denoted by d, 
and ip, , respectively. Suppose that a chain map a, : G. — > F. is given and (T _1 (Im(/9 1 ) = 
Ihk9i holds. Then the mapping cone Con(a.) is acyclic. Hence, ifG, and F, are complexes 
of finitely generated free R-modules, then Con(<r.) gives an R-free resolution oflimpi + 
Imo" . 

Proof. We put C, = Con(a.) and denote its boundary map by d, . Then 

<Pi 



Ci — Fi © Gj_! , d 







for any i > 2 and 



Let us take any 



d = F 1 © G , C = F , d 1 = ( ?! a ) . 

G Ker d\ . 



Then (fi(xi) + oo(yo) = , so yo E o" _1 (Im(/9i) = Im9i. Hence there exists y\ E G\ 
such that y = di{yi) . We have <^i(9i(yi)) = (7 (<9i(yi)) = cr (y ) = -^i(^i) , and so, 
(fi(xi + <7i(yi)) = . This means that there exists x 2 E F 2 such that x x + (Ti(yi) = ^2(^2) 
as H^F.) = 0. Then 

Xi ) = h {x i; a ; {yi) )=dJ X2 )Eirnd 2 . 

yoj V y V2/1/ 

Therefore we get H 1 (C.) = . On the other hand, the exact sequence 

— > G.(-l) — > C. — y F, — > 

of complexes induces a long exact sequence 

y KUG.) — )- H,(C.) — ► Hj(F.) — > • • • 

of homology modules. If % > 2 , H^^G.) = H^F.) = , and so, H^G.) = . Thus we 
have seen that G, is an acyclic complex. 

Lemma 2.2 Let G„ be a double complex such that C pq = unless < p, q < 3 . For 
any p,q E Z , we denote the boundary maps C pq — y C V -\ A and C pq — y G Pi(3 _i by d' pq and 
dp q , respectively. If C p . and C, q are acyclic for any < p, q < 3 , we have the following 
assertions on the total complex T. , whose boundary map is denoted by d, . 
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(1) Suppose that £o £ Co,3 and £1 G Ci,2 -suc/i t/iat d ' 3 (£o) + d' 1)2 (£i) = are given. 
Then there exist £ 2 G £2,1 and £3 G 6*3,0 suc/i that *(£o £1 £2 £3) G Kerd 3 CT 3 = 

^0,3 © Ci, 2 © C 2 ,l © C 3 ,o • 

(2) Let 6 6 6) e Kerd 3 C T 3 = C ,3 © Ci )2 © C 2) i © 63,0 and Ze* £ 3 e Imd 3 ' ;1 . 
TTien *(£ £1 £2 £3) £ Imd 4 . In particular, £ G Imd' 13 . 

Proo/. (1) Because < ;1 «, 2 (£i)) = < >2 (d' 1)2 (£i)) = ^Mo^o)) = , it follows that 
dj 2 (^i) G Ker d[ 1 = lmd' 21 . So, we can write d" 2 (Ci) = 4 ife) , where £ 2 £ C 2 1 • Then 
<oKi(6)) = 4,i(4,i(6)) = 4,i(4, 2 (6)) = 0, and so 4,(6) G Ker d! 2fi = W s>0 . 
Hence there exists £ 3 G C 3i0 such that d 21 (£ 2 ) = — 4o(£s) . Now we have 



da 



4, 3 (£o) 



4 >2 (6) 
-< l2 (6) + 4,1(6) 
4,i(6) + 4,o(6)) 



and so we get the required assertion. 

(2) Because 6 6 &) e Kerd 3 , we have (i) d ' 3 (£ ) + 4, 2 (6) = 0, (ii) 
-d'1,2 (£1) +4,i (6) = and (iii) 4,i(6)+4,o(6) = . On the other hand, as £ 3 G Im^'i , 
there exists 1]% G C^i such that £3 = — 4 1(^3) • Then, as 4 0(6) = — 4o(4'i( ? 73)) = 
— 4 1(4 1(^3)) ) by (iii) we get £ 2 — 4 1(^3) £ Ker4i = I m d 22 - So, we can write 
6 - 4,1(^3) = 4,2(^2), where n 2 G C 2)2 ■ Then d' 21 (£ 2 ) = 4,i(4,i(%) + 4,2(^2)) = 
4,i(4,2(n2)) = 4,2(4,2(^2)), and so by (ii) we get & - 4,2(^2) e Kerd'/ 2 = Imd'{ 3 . 
Hence there exists rji G such that £1 — d 22 (?7 2 ) = —d'[ 3 {r]i) . This means d' 12 (£i) — 
4,2(4,2(^2) - di ;3 (?7i)) = -di i2 «, 3 (f7i)) = 3(^3(771)) , and so by (i) we get £ - 
4,3(^1) Ker d ' 3 . However, as Co,, is acyclic and Co,4 = 0, d f Q 3 is injective. Hence 
Co — 4,3(^1) • Now we have 




/ 4 >3 (m) \ 
-4,3(^1) + 4,2(^2) 
4,2(^2) 



4,1(^3) 
-4,1(^3) 



/6\ 



and the proof is completed. 
Lemma 2.3 Suppose that 



G 



H 



is an exact sequence of R-modules. Then the following assertions hold. 

(1) If there exists a homomorphism <fi : G — > F of R-modules such that o {p = idp , 
then 

— > *G H L 



is exact, where *G = Ker and *ip is the restriction of ip to *G . 
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(2) If F = F ®*F , G = 'G®*G , ip('F) = 'G and ip(*F) C *G , then 

0^*F^*G^H^L 

is exact, where *<p and *ip are the restrictions of if and ip to *F and *G , respectively. 

Proof. (1) First, we take any u G Kerp. As Im^ = Kerp, there exists v G G such 
that ipiy) = u . Then, setting *v = v — (p(<f>(v)) , we have *v G *G and ip(*v) = ipiy) = u , 
and so u G ip(*G) . Hence Ker p = lm*ip . 

Next, we take any *v G *G such that ^(*v) = . As Imip = Ker*0 , there exists w G F 
such that ip(w) = *v . Then w = <f>(tp(w)) = </)(*v) = , and so *v = <p(0) = . Hence *<p is 
injective. 

(2) First, we take any u G Kerp. As Im^ = Kerp, there exists v G G such that 
ipiy) = u . We write v — 'v + *v , where 't> G 'G and \> G *G , and choose 'w G 'F so that 
(f('w) = 'v . Then we have u = ip((p('w) + *v) — ip(*v) G tp(*G) . Hence Im = Ker p . 

Next, we take any *v G *G such that ip(*v) = 0. As Ini(p = Ker ifj , there exists 
w £ F such that <p(u>) = *i> . We write w = 'w + *w , where 'w G F and % G *F . Then 
% - <p(%) = <p('iu) G'Gnt? = 0. This means *v = <p(*w) G (p(*G) . Hence Im *tp = Ker V , 
and the proof is completed. 



3 *-transform 

Let R be a 3-dimensional Cohen-Macaulay local ring with the maximal ideal m and 

F 3 ^ F 2 ^ F 1 ^ F = R 

be an acyclic complex of finitely generated free i?-modules such that Im <p 3 C QF 2 , where 
Q = (xi,X2, x 3 ) is a parameter ideal of R . We put a = Im<pi , which is an ideal of R . In 
this section, transforming F, suitably, we aim to construct an acyclic complex 

— >■ *F 3 ^ *F 2 ^ *F 1 ^*F = R 

of finitely generated free -R-modules such that Im*<p 3 C m*F 2 and Imlpi = d '-r Q ■ Let 
us call *F, the *-transform of F, with respect to Xi,x 2 ,x 3 . 

In this operation, we use the Koszul complex K, = K,(xi,x 2 , x 3 ) . Let e 1 , e 2 , e 3 be an 
i?-free basis of K\ and set ei = e 2 A e 3 , e 2 = ei A e 3 , e 3 = ei A e 2 . Then ei, e 2 , e 3 is an 
i?-free basis of K 2 . Furthermore e\ A e 2 A e3 is an i?-free basis of K 3 . The boundary maps 
of K, which we denote by d, satisfy 

di(ei) = Xi for any i — 1, 2, 3 , 
(9 2 (ej A ey) = Xjej — XjCi if 1 < i < j < 3 , 
<9 3 (ei A e 2 A e 3 ) = x^ - x 2 e 2 + x 3 e 3 . 

As Xi,x 2 ,x 3 is an i?-regular sequence, K m gives an i?-free resolution of R/Q . Hence, for 
any i?-module M , We have the following commutative diagram; 

Hom R (K 2 ,M) Hom ^|' M) R m R (K 3 ,M) — > Ext|(i?/<5 , M) — )■ (ex) 
M® 3 (X1 -^ xz) M — )• M/QM — )■ (ex) , 
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which implies Ext R (R/Q , M) = M/QM . Using this fact, we show the next result. 

Theorem 3.1 (a : R Q)/a F 3 /QF 3 . 

Proof. As is well known, we have 

(a: R Q)/a = Rom R (R/Q,R/a). 

Applying Kom R (R/Q, • ) to the exact sequence — > a — > R — > R/a — > , we get 

Rom R (R/Q , R/a) = Ext R (R/Q , o) 

as Rom R (R/Q , R) = Ext R (R/Q ,R) = . We put L = Ker (p 1 = lm(p 2 and consider the 
exact sequences 

— > L — > F x ^> a — > and — > F 3 ^ F 2 — >L — > . 
Because Ext R (R/Q , Fj) — for any < % < 2 and < j < 3 , we get 

Ext R (R/Q , a) Ext 2 R (R/Q , L) 
and the commutative diagram 

— >• Ext|(.R/<5 , L) — > Ex4(i?/g,F 3 ) ^> Ext|(i?/(5 , F 2 ) (ex) 

F 3 /QF 3 ^ F 2 /QF 2 (ex), 

where (p 3 and ^ 3 denote the maps induced from ip 3 . Let us notice Tp 3 = as Im ip 3 C QF 2 . 
Hence 

Ext 2 R (R/Q,L)^F 3 /QF 3: 
and so the required isomorphism follows. 

Let us fix an i?-free basis of F 3 , say { w\ }aga • Let { v^x) }i<«<3, aga be a family of 
elements in F 2 such that 

3 

<Ps(w\) = ^2xi-V(i,\) 
i=i 

for any A G A . We put A = {1,2,3} x A. The next result is the essential part of the 
process to get *F. . 

Theorem 3.2 There exists a chain map a, : K, ® R F 3 — > F, 

— >■ K 3 (g) R F 3 — ► X 2 ® R F 3 — > K l ® R F 3 — > K (g) R F 3 

— ► F 3 ^> F 2 ^ F 1 ^ F 



satisfying the following conditions. 



(1) a^Qmtpi) = lm(di ®id F3 ) . 

(2) Ini(j + Imp i = a : R Q . 

(3) o- 2 (e; <g) W\) = (-ly-v^x) for any (i, A) G A . 

(4) cr 3 ((ei A e 2 A e 3 ) <g> W\) = —wx for any A G A . 
Proof. Let us consider the double complex if. Cg> R F. . 



di ® id p . 



9i (g)id F 
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We can take it as C.. in 12.21 Let T. be the total complex and d, be its boundary map. For 
any A G A , we set £ (A) = 1 <8> u> A G F <g) F 3 and 6(A) = - J2i=i e « ® u (i,A) e ^i ®fl ^2 • 
Then we have 

(id^ <g> p 3 )(£o(A)) + (ft <g> id F2 )(6(A)) = , 
and so by 12.21 there exist 6(A) G K 2 ®r F\ and 6(A) G K 3 <S>r F such that 

'Uo(A) 6(A) 6(A) 6(A))GKer(T s At 2 ). 
When this is the case, the following equalities hold; 

(i) - (id^ <g> y? 2 )(6(A)) + (ft ® id^)(6(A)) = , 

(ii) (id K2 ® ^i)(6(A)) + (ft ® id Fo )(6(A)) = . 

Here we write 

3 

6(A) = - ^ h ® M(i,A) and 6(A) = (ei A e 2 A e 3 ) <8> d x , 
i=i 

where w^a) G Fx and d x £ F = R . Then by (i) we get 

{<£>2(f(l,A)) = -X2-U(3,X) -X 3 -U(2,X) 
<P2(V(2,X)) = £l'«(3,A) - a?3-W(l,A) 
^2(^(3^)) =a;rM(2,A) +X2-u>(i,\) 

for any A G A . Moreover, the equality (ii) implies 

(iv) x v dx = (-l) l_1 -yi(w(i,A)) 
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for any (i, A) G A . Now we define <7o : K ®> R F 3 — > F and cti : K\ ® R F 3 — >■ F\ by 
setting <t (1 © w\) = d x for any A G A and 0"i(ej © u? A ) = (— A ) for any (z, A) G A . 
The maps a 2 : K 2 ® R F 3 — > F 2 and a 3 : i^ 3 ©^ F 3 — )• F 3 are defined as in (3) and (4). 
Then, by (iii) and (iv), we see that a, : K, ® R F 3 — > F, is a chain map. 

Let us prove (1). Because Im (d\ ©id^) is obviously contained in a^ihxvLpi) , we have 
to show the converse inclusion. Take any r/ G K ® R F 3 such that aoivo) G Im^x . We 
write 

AeA AeA 
where a A G R for any A G A , and set 

Vi = ^ax'&W e Ki® R F 3 -i 
AeA 

for i — 1, 2, 3 . Then, 

'Uo »7i ^ 2 JTa) = $> A -'(6(A) 6(A) 6(A) 6(A) ) G Kerci 3 . 
AeA 

Furthermore, we have 

m = ^2 a x-(( e i A e 2 A e 3 ) © d A ) 

AeA 



(d A e 2 A e 3 ) © oa-<t (1 © u>a) 



AeA 

= (ei A e 2 A e 3 ) (8) cr (?yo) , 

and so r/ 3 G Im (id^ © (fx) . Hence rj G Im (d\ © id_F 3 ) by (1) of 12.21 

Finally we prove (2). Let us consider the following commutative diagram 

Kx® R F 3 9l ^t 3 K ® R F 3 — ► F 3 /QF 3 — ► (ex) 

4- °"i 4 °"c 4- 

Fi ^> F — > R/a — ► (ex). 

where <7o is the map indeuced from o"o . Notice that by (iv) we have d\ G a : R Q 
for any A G A, and so Imao C a : R Q . Hence Ima C (a : R Q)/a. On the other 
hand, as (Imy>i) = Im(9i © id^ 3 ) , we see that <7 is injective. Therefore we get 
Imcf = (a : R Q)/a since (a : R Q)/a = F 3 /QF 3 by 13.11 and F 3 /QF 3 has a finite length. 
Thus the assertion (2) follows and the proof is completed. 

In the rest, a, : K, ® R F 3 — > F m is the chain map constructed in 13.21 Then, by 12.11 
the mapping cone Con (a.) gives an i?-free resolution of a : R Q , that is, 

K 2 ® R F 3 K 1 ® R F 3 K ® R F 3 

0^K 3 ® R F 3 ^ © ^ © ^ © ^F = R, 

F 3 F 2 F\ 
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is acyclic and Im *<pi = a :r Q , where 

/ d 3 ® id Fs \ / <9 2 <g) id F3 \ , / d x g> id Fa \ » 

V -C3 / V °"2 <^3 / V ^2 / 

Because a 3 : .K3 ©# F3 — > F 3 is an isomorphism, we can define 

K 2 ®r F 3 

<\) = ( - a-3- 1 ) : © K 3 ® R F 3 . 

F 3 

Then o ^ 4 = idx 3 ® fl F 3 and Ker = if 2 ©b ^3 • Hence, by (1) of 12. 3[ we get the acyclic 
complex 

% 'F 2 *Fi ^> *F = R, 



where 



K^ R F 3 K ® R F 3 f d2 ® idF3 



'F 3 = K 2 ® R F 3 , F 2 = © , *Fi= © and y?3 

F 2 Fx 
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Although Im '^3 may not be contained in m F 2 , removing non- minimal components 
from 'F 3 and 'F% , we get free .R-modules *F 3 and *F 2 such that 

— > *F 3 ^> *F 2 ^ ^ y^*p Q = R 

is acyclic and Im *y? 3 C m *F 2 , where *v?3 an d V2 are the restrictions of 'tp 3 and '<^ 2 , 
respectively. In the rest of this section, we describe a concrete procedure to get *F 3 and 
*F 2 . For that purpose, we use the following notation. As is described in Introduction, for 
any £ G K\ ®r F 3 and n G F 2 , 

[£]:=Qg'F 2 and fa) := Q G 'F 2 . 

In particular, for any (i, A) G A , we denote [e, © by [i, A] . Moreover, for a subset 
UCF 2 , (U):={{u) } ueu . 

Now, let us choose a subset A of A and a subset U of _F 2 so that 

{v(i,\)}(i,x)e'A U t/ 

is an i?-free basis of _F 2 . We would like to choose A as big as possible. The following 
almost obvious fact is useful to find A and U . 

Lemma 3.3 Let V be an R-free basis of F 2 . If a subset A of A and a subset U of V 
satisfy 

(i) I A I + I U I < I V I , where \ ■ \ denotes the number of elements of the set, and 

(ii) V C R-{v {iiX) } (i:X)E , A + R-U + mF 2 , 
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then {v(i t X) }(i,A)e'A U U is an R-free basis of F 2 . 
Let us notice that 

{M]}(i,A)eA u {(«(i,A)>}(i,A)e'AU (#) 
is an .R-free basis of F 2 . We define *F 2 to be the direct summand of F 2 generated by 

{MWiU(lT). 

Let V2 be the restriction of 'ip 2 to *F 2 . We need the next result at the final step of the 
process to compute symbolic powers. 

Theorem 3.4 If we can take A itself as A , then 

0^*F 2 ^ *F 1 ^*F = R 
is acyclic. Hence we have depth Rj (o \r Q) > . 

Proof. If 'A = A , there exists a homomorphism : F 2 — > 'F3 such that 

4>{[i,X\) = for any (i, A) £ A, 
0(( w (i,A))) = {-l) K ei®w x for any (i, A) G A , 
(f) ((u)) = for any u G U . 

Then <ft o'(p 3 = id/p 3 and Ker = *F 2 . Hence by (1) of 12.31 we get the required assertion. 

In the rest of this section, we assume 'A C A and put *A = A \ A . Then, for any 
(j, /i) G *A , it is possible to write 

*d»= E a S-^A) + E^ ) - M ' 

(i,A) e 'A uet/ 

where o>a'xi , &u G .R . Here, if A is big enough, we can choose every bu'^ from m . In 

fact, if bu G" m for some u G U , then we can replace A and U by A U { (j, /1) } and 
[/ \ { « } , respectively. Furthermore, because of a practical reason, let us allow that some 
terms of v u\) for (i, A) G *A with non-unit coefficients appear in the right hand side, that 
is, for any (j, /i) G *A , we write 

E ^S-^ + E^-^ 

(i,A)eA «e£/ 

where 

a 



&>) f if (2, A) G A 6 0» Fm 
(^) G \m if (2, A) G A and 6 - Gm - 

Using this expression, for any (j, /i) G *A , the following element in 'F3 can be defined. 

(i,A)6A 
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Lemma 3.5 For any i G {1,2,3}, let Si and U be integers such that Si < ti and {1, 2, 3} 
{i,Si,ti} . Then, for any (J, //) G *A , we have 

V>3(H») = {-^XsfltjifA + (-iy +1 x tj -[ Sj ,fi] 

+ (-i) i+ Xt^Kr[^A]-x v [ Si ,A]}+E 6 « ,M) -^)- 

(i,A)6A "G^ 7 

y4s a consequence, we have 'ip 3 (*W(j^)) G m*F 2 for any (j, ft) G *A . 
Proof. By the definition of '</?3 , for any (j, /i) G *A , we have 

= [(^2 ® id F3 )O 0>) )] + (<t 2 (H/»)> • 

Because 

(<9 2 <g> id F3 )(% 0>) ) = (-ly-^e,- ® ^ + ^ (-l^ag^e, <g> w A 

(«,A)eA 

= (-l) J '-9 2 (e s .Ae t .)«)«; M + ^ {-l) i+1 a^ -d 2 (e Si A e tj ) ® w x 

(i,A)eA 

= (-l) J -(x Sj e tj - a^-e Sj .) <g> 

+ ]T (-l) I+1 a|jJ(x Si e ti -x t ,eJ®«; A 

(i,A) e A 



and 



<r a (H») = (-l) i ^ 2 (e,®^)+ ^ (-ly+^-c^e,®^) 

(i,A)eA 

E(3» 
(i,A)- W (i,A) 

(i,A) G A 

net/ 

we get the required equality. 

Let *F 3 be the -R-submodule of F 3 generated by { }(j»e*A and let *y?3 be the 
restriction of ^3 to *F 3 . By 13.51 we have Im *(p 3 C *F 2 . Thus we get a complex 

— > *F 3 *F 2 ^> *Fi ^\*F = FL. 
This is the complex we desire. In fact, the following result holds. 

Theorem 3.6 (*F. , V») * s an acyclic complex of finitely generated free R-modules with 
the following properties. 

(1) Im Vi = a Q an ^ im V3 ^ m*F 2 . 
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(2) { *w {jttl) }(j» g *a is an R-free basts of*F 3 . 

(3) { [i, A] }(i a) e A U (^0 ^ s an R-free basis of *F 2 . 

Proof. First, let us notice that {e^ <g> ^aI^aisA * s an -R-free basis of 'F 3 and 

ej <8> «v G R*W(j,n) + i?-{ei <g> w x }(i,X)e'A + m'F 3 

for any (j, //) G *A . Hence, by Nakayama's lemma it follows that F 3 is generated by 

{h © w x }(i,\)e'A U {*^0»}o>)e*A , 

which must be an i?-free basis since rank^ 'F3 = | A | = | 'A | + | *A | . Let 'F 3 be the 
i?-sub module of F 3 generated by { © w\ g a • Then "F 3 © *F 3 . 
Next, let us recall that 

{Ml} (i,A)eA 

U {(v(i,A))}(i,A)e'AU(f/> 

is an i?-free basis of '-F 2 • Because 

(«(i,A)) = (-iy-^3(e i ®wx) + (-iy-[d 2 e t ®wx], 

we see that 

{M]}(i,A)eA u {Vs(e t g)WA)}(i,A)e'A U (U) 

is also an i?-free basis. Let "F 2 = R-{'(p 3 (ei <g> iw A ) }(,,*) e 'A • Then 'F 2 = "F 2 © *F 2 . 

It is obvious that '<p 3 ("F 3 ) = "F 2 . Moreover, by S3] we get '(f 3 (*F 3 ) C *F 2 . Therefore, 
by (2) of I2.3[ it follows that *F. is acyclic. We have already seen (3) and the first assertion 
of (1). The second assertion of (1) follows from 13.5] Moreover, the assertion (2) is now 
obvious. 



4 Computing symbolic powers 

Let x,y,z be an sop for R and / an ideal of R generated by the maximal minors of the 
matrix 

( x a y 15 \ 
$ " \yP J x"' J ' 

where a, (3, 7, a', /3', 7' are positive integers. As is well known, R/I is a Cohen-Macaulay 
ring with dim R/I = 1 . In this section, we give a minimal free resolution of I n for any 
n > , and consider its ^-transform in order to compute the symbolic power I^ n > . We 
put 

a = z 1+1 ' - x"V , b = x a+a ' - /V , c = yP + P' - x a z 1 ' . 
Then, I = (a, b, c)R and we have the next result (See [3] for the definition of d-sequences). 

Lemma 4.1 The following assertions hold. 
(1) x a a + y@b + z 7 c = and y^'a + z^'b + x a 'c = . 
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(2) Let p G Assr(R/ I) . Then IR P is generated by any two elements of a,b,c. 

(3) Any two elements of a, b, c form an ssop for R . 

(4) a, b, c is an unconditioned d-sequence. 

Proof. (1) These equalities can be checked directly. 

(2) Let us prove IR P = (a, b)R p . Ifx&p, then y, z G y (a, c, x)R C p , and so p = m , 
which contradicts to the Cohen-Macaulayness of R/I . Hence x G" p . Then 

c = -(/'a + 2 7 '6)/x Q ' G (a, 6)i? p , 

which means J-R p = (a,b)R p . 

(3) For example, G y 7 (a, b,y)R , it follows that a, 6 is an ssop for R . 

(4) Let us prove that a,b,c is a d-sequence. As a, 6 is a regular sequence by (3), 
it is enough to show (a,b)R :r c 2 = (a,b)R :r c. We obviously have (a,b)R :r c 2 ~D 
(a,b)R :r c. Take any q G Assn(R/(a,b)R :r c) . As R/(a,b)R :r c <— > R/(a,b)R, we 
have ht R q = 2. If c G q , then q G Mm R (R/I) , and so IR q = (a,b)R S( by (2), which 
means 

(a, b)R q :_R q c 2 = (a, 6)i? q : flq c = i? q . 

If c G" q , we have 

(a, 6)i2q c 2 = (a, 6)i? q : Rq c = (a, 6)i? q . 
Therefore we get the required equality. 

We take an indeterminate t and consider the Rees algebra R[It] . Moreover, we take 
three indeterminates A, B, C and put S = R[A, B, C] . We regard S as a Z-graded ring by 
setting degA = degB = degC = 1 . Let it : S — > R[It] be the graded homomorphism of 
i?-algebras such that ir(A) = at, tt(B) = bt and 7r(C) = ct . By (4) of 14.11 it follows that 
Ker7r is generated by linear forms (cf. [4, Theorem 3.1]). On the other hand, 

_> R®3 <t±f> R _^ R/I _+ 

is a minimal free resolution of R/I . Hence Ker7r is generated by 

/ := x a A + y p B + z^C and g := y p ' A + z 7 ' B + x a ' C . 
Thus we get S/ (/, g)S = R[It] . Then, as /, g is a regular sequence of S , 

— > 5(-2) 2) 5(-l) © ( ^4 } 5 i2[It] — > 

is a graded S'-free resolution of R[It] . Now we take its homogeneous part of degree n , 
and get the next result. 

Theorem 4.2 For any n > 2 , 

> S n ^2 Sn-l © 'S'n-l ^ S n > R 

is acyclic and it is a minimal free resolution of I n , where Sd {d G Z) is the R-submodule 
of S consisting of homogeneous elements of degree d and e is the R-linear map defined by 
substituting a, b, c for A,B,C, respectively. 
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Let us denote the complex in 14.21 by (F. 1 , <p\) , that is, we set 

^3 = > F 2 X = Sn-1 © 'S'n-l > ^1 = S n , Fq = R , 

f\ = (~/) ' ^2 = (/ and fl = e ■ 

Then F. 1 is an acyclic complex of finitely generated free F-modules and Im ip\ = I n . The 
number " 1" of F. 1 means that it is the first acyclic complex we need for computing . 
Our strategy is as follows. Taking the ^-transform of F. 1 with respect to suitable powers 
of x,y,z , we get *F. X , which is denoted by F 2 . If its length is still 3, we again take some 
*-transform of F 2 and get F. 3 . By repeating this operation successively, we eventually 
get an acyclic complex F. fc of length 2 . Then the family { F* }i<i<k of acyclic complexes 
has the complete information on F n ) . 

Let a" = min{a,a'}, f3" = min{/3 , /?'} , 7" = min{7,7'} and Q = (x a , y 13 , z 1 )R. 
Because / and g are elements of Q , we have Im <p\ C QF\ , and so by 13.11 we get the 
following. 

Theorem 4.3 (F : R Q)/I n ^ (R/Q)®(*) . 

Now we are going to take the *-transform of F. 1 with respect to x a " , y 13 " , z y " . At first, 
we have to fix A 1 , which is an F-free basis of F 3 X . For any < d G Z , let us denote by 
m^ B c the set {A l B : >C k | < i, j, k G Z and z + j ' + = d} , which is an F-free basis of 
Sd . We take m^~J c as A 1 . Then, for any M G m^~J c , we have to write 

ip\{M) = x a "-v\ lM) + y P "-v\ 2tM) + ^"^(^m) , 

where vh M s G F 2 X for i = 1, 2, 3 . As is described at the end of Introduction, for h G S n -i , 
let us denote the elements 

J and Q G F 2 X = © 5 n _! 
by [h] and (/i) , respectively. Then, for any M G m^~J c , we have 

f-yP'AM - z^'BM - x a 'CM\ 
" V xMM + y^BM + z^CM ) 
= -y 13 ' ■ [AM] - z 1 ' ■ [BM] - x a ' ■ [CM] 

+ x a ■ (AM) + yP ■ (BM) + z" 1 ■ (CM) 

— x v (l,M) + y V {2,M) + Z V (3,M) ' 

where 

x a ~ a "-(AM) -x a '~ a "-[CM], 
y^"-(BM)-y^"-[AM], 
^7-7" . (CM) - z 7 ' -7 " • [BM] . 



V (X,M) = 
V (2,M) = 
V (3,M) = 
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We set A 1 = {1, 2, 3} x A 1 and we have to choose its subset A 1 as big as possible so 
that {vh M \}(i } M)e'£ i s a P ar ^ °f an -R-f ree basis of F 2 X . For that purpose, we need to fix 
a canonical R-fvee basis of F 2 X . For a subset H of SVi-i , we denote the families 
and {(h)} heH by [H] and (if) , respectively. Let us notice that [m^"^ c ] U (w?£~ BG ) is an 
i?-free basis of . 

Setting n = 2 , we get the next result. 

Theorem 4.4 (cf. 0) 1^ = I 2 : R Q and I^jl 2 = R/Q . 

Proof. By replacing rows and columns of $ and by replacing x, y, z if necessary, we may 
assume that one of the following conditions are satisfied; 

(i) a < a' , p < p' , 7 < i ; (ii) a > a' , p < p' , 7 < 7' . 

Let n = 2 . Then A 1 = { 1 } . In the case (i), we have a" = a, P" = (3, 7" = 7 and 

vfa = (A) - x«'-«.[C\ , v\ 2}l) = (B) - yT-P.[A] , = (C) - z^-[B] . 

Then, as [m^ B C ,] U (m^ B c ) is an .R-free basis, by !3.3l we see that {vh 1 )}i=i,2,3 | J [m^ jS C ] is 
an .R-free basis of i 7 ^ 1 . On the other hand, in the case (ii), we have a" = a', P" = (3, 7" = 7 
and 

= ^ ■ ( A ) ~ M , v\ 2A) = (B}- yf-P ■ [A] , v^ = (C) - z<'-< ■ [B] . 

Then, {vh 1 )}i=i,2,3 U {(A), [A], [B]} is an i?-free basis of . In either case, we can take 

A 1 as A 1 . Hence, by 13.41 we see depth R/(I 2 : R Q) > , and so 1^ = I 2 : R Q. The second 
assertion follows from 14.31 

Similarly as the proof of 14.41 in order to study 1^ for n > 3 , we have to consider 
dividing the situation into several cases. In the rest of this section, let us assume 

a = 1 , a' = 2 , 2p < p' , 2j < 7' , 

and explain how to compute 1^ using ^-transforms. We have a" = 1, P" = [3 and 7" = 7 . 
Let n = 3 . Then A 1 = {A, B,C} and we have 

v (i,a) = (A 2 ) ~ X -[ AC \ > «(M) = (AB) - y^-[A 2 } , «f M) = (AC) - z^-[AB] , 
«(!.*) = (-AB) - , v\ %B) = (B 2 ) - yP-P-[AB] , v^ B) = (BC) - z^-[B 2 ] , 

ix,c) = (AC) - x-[C 2 ] , v\ 2tC) = (BC) - y^-[AC] , v\^ c) = (C 2 ) - z^-[BC] . 

We set A 1 = {(1, A) , (2, A) , (3, A) , (2, B) , (3, 5) , (3, C)} C A 1 = {1, 2, 3} x {A, 5, C} . 
Then we have the following. 

Lemma 4.5 {v\ iM) } ( i)M ) e'A 1 U [m^ B C ] 2s an i?-/ree basis of F% . 
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Proof. Let us recall that [m^ BC .] U (m 2 ABC ) is an i?-free basis of F 2 . Because I'A 1 ! = 
l m A,S,d = 6 Slid (vn-A,B,c) — R'{ V (i,M)}{i,M) e'A 1 + R\ m A b c\ i we § e ^ ^he required assertion 

Let .fT. = K,(x, yPjZ' 1 ) . By 13.21 there exists a chain map cr* : K, ® R F% — > F. 1 such 
that IiikjJ + Im ip\ = I 3 : R Q and o\(e.i <8> M) = (-1)* • u ( \ )M) for any (z,M) G A 1 = 
{1, 2, 3} x {A, B, C} . Moreover, we get an acyclic complex 



where 



'p 1 >ip \ 'p 1 *p l * v \ *p 1 — p 



K x ® R Fl K ® R Fi 



F^ = K 2 ® R F^ <F\= © , *F£= © , 2 ® Fi 



3 

ok 



and *ip\ = ( ctq ) • Let us recall our notation introduced in Section 3. For any (i, M) G 
A 1 we set 

[i,M] = [e t ®M]=h® M \eFl 





On the other hand, for any rj G F\ , we set 

<,) = (°) , *j . 

In particular, as F 2 X = S2 © £2 , ([h]) G 'i 7 ^ 1 i s defined for any h G £2 • We set ([m^ B c ]) 
{([M])} Meia 2 b . Let *F 2 l be the i?-submodule of F 2 l generated by 

and let V2 the restriction of '<p\ to *F 2 . In order to define *F£ , we set A 1 = A 1 \ A 1 
{(1,5), (1, C) , (2, C)} . We need the next result which can be checked directly. 

Lemma 4.6 The following equalities hold; 

v\ m = vl 2tA) -x-[BC]+y^.[A 2 ], 
vie) = vl 3>A) -x-[C 2 ]+z^-[AB], 
vkc) = vl B) -y^-[AC]+z^-[B 2 ]. 

So, we define the elements %u} { M -. G 'F^ for (i, M) G *A 1 as follows; 

* w (i,B) = -^1 ® B - e 2 ® A, 
* w (i,c) = ®C + e 3 ® A, 
* w (2,c) = e 2 ®C + e 3 ®B. 
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Let *Fg be the .R-submodule of 'F3 1 generated by {*w^ M )}(i,M)e*A 1 an d 1^ V3 be the 
restriction of 'ip\ to *F 3 1 . Thus we get a complex 

Let us denote , Vi) by (F 2 , <£> 2 ) . Moreover, we put wi M) = %uh M) for (i, M) G *A 1 . 
Then, by 13.51 and 13.61 we have the next result. 

Lemma 4.7 (F 2 , yj 2 ) is an acyclic complex of finitely generated free R-modules satisfying 
the following conditions. 

(1) Im<^ = I 3 : R Q. 

( 2 ) { w \i,b) > w (i,C) '^(2,(7)} zs an F-/ree fcasis o/F 3 2 . 

(3) {[i,M]} { . M)e ^ U ([m^ B)C r]) 2S anR-free basis of F| . 

(4) TTie following equalities hold; 

VsKlbj) = [3, 5] + z 7 - [2, 5] - x- [3, A] + ^-[1, A] 

-z-<[BC])+/'^-<L4 2 ]>, 
^3>(W = V- [3, C] + z^-[2, C] + x- [2, A] - y P. [1, A] 

-*-<[C< 2 ]> + ^-<[^]>, 
^3>(2,c)) =x-[3,C\- z'.[l, C] + x- [2, B] - /• [1, B] 

-yP'-P-{[AC}) + z^-^{[B 2 ]). 

We put A^= -A 1 = {(1, B) , (1, C) , (2, C)} and A 2 = {1, 2, 3} x A 2 . We simply denote 
(j,(i,M)) G A 2 by (j,z,M). Then 

f (1,1,B), (2,1,B), (3,1,B). 
A 2 ={ (1,1,(7), (2,1,(7), (3,1,C) ; 
[ (1,2,(7), (2,2,(7), (3,2,C) 

As we are assuming 2/3 < /3' and 27 < 7' , by (4) of 14.71 we get 

<Pl(W(i,M)) = x -<P*l,i,M) + y P -¥%,i,M) + Z°>(3,i,M) 

for any (z, M) G A 2 , where 

= -[3, A] - ([B<7]) , v% XB) = - [3,5] +/'- 2/3 -([A 2 ]) , ^ 3jl)B) = [2,B] + [1, A] , 
= P, A] - ([C 2 ]> , vf 2 ^ c) = -[3, C] - [1, A] , W( 2 3)liC) = [2, C] + z^-{[AB\) , 
«(i A = [3,CH[2,fl], 4, 2 , c) = -[l, J B]-/- 2/3 -([AC]) and 

^2,C) = -[l,C]+^'- 27 -([5 2 ])- 

Thus a family {t>^ i i M ) g ^ of elements in F| is fixed and we see Imyj 2 C QF% . 

Because Im^ 2 : B Q = (I 3 : R Q) : R Q = I 3 : R Q 2 and F 3 2 = R® 3 , by Owe get the next 
result. 
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Theorem 4.8 Let a = 1 , a' = 2 , 2(3 < (3' and 27 < 7' . Then we have 

(J 3 : R Q 2 )/(I 3 : R Q) = {R/QT 3 . 
The following relation, which can be checked directly, is very important. 
Lemma 4.9 vf 31B) + v 2 2>1>c) + v 2 lxc) = 2-[2,B\. 

By 13.21 there exists a chain map cr 2 : K, ©_r-F| — > F 2 such that Ihict 2 , + Im<£> 2 = L 3 : R 
Q 2 and o\{e,j © w 2 { M s) = (— l) J -t> ?. s M ^ for any (j, z, M) G A 2 . Moreover, we get an acyclic 
complex 

q j, /p| /p| ^fj^ *p2 JVi^ *^t2 __ ft 

where 



© fl F 2 K ®R F 2 

'F£ = K 2 ® R Fi, F 2 2 = © , *F 2 = © , Va= v 

F 2 F 2 V ff 2 



<9 2 © id F | 

2 3 



and = (°o V 9 ?) • 111 order to remove non-minimal components from F 2 and F 2 , we 
would like to choose a subset 'A 2 of A 2 as big as possible so that {v 2 - i M)}o,j,Af)e'A 2 is a part 
of an i?-free basis of F 2 2 . 

Theorem 4.10 Let a = 1 , a' = 2 , 2(3 < (3' and 27 < 7' . Suppose that 2 is a unit in R . 
Then, we can take A 2 itself as A 2 . Hence depth R/(L 3 : R Q 2 ) > , and so L^ = L 3 : R Q 2 . 
Moreover, we have i R (L^/L 3 ) = 6-£ R (R/Q) . 

Proof. We would like to show that 

is an i?-free basis of F 2 . Let us recall that 

{[*> M ]W^ U (K,b,c]> 

is an i?-free basis of F 2 . Because | A 1 1 = | A 2 1 , we have to prove 

{[hM]} (iM)eTl C G^R-ivl^y^^ + R-iim^c)). 

In fact, we have [2, A] = v 2 lic ^ + ([C 2 ]) G G . Similarly, we can easily see that [3, A] , 
[1, B] , [3, B] , [1, C] and [2, C] are included in G . Moreover, as 2 is a unit in R , we have 
[2,5] G G by EH Then [1,A] = v 2 {31B) - [2, B\ G G and [3,(7] = w ( 2 lj2iC;) - [2, B] G G. 
The last assertion holds since 

£ R (I®/I 3 ) = M^^Q 2 )// 3 ) 

= M (/ 3 :* Q 2 )/(/ 3 : R Q)) + U (I 3 :r Q)/I 3 ) 
= 3-£ R {R/Q)+3-£ R {R/Q) 
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by 14.31 and 14.81 Thus the proof is completed. 

In the rest of this section, let us consider the case where ch R = 2 . In this case, we 
have 

V (3,1,B) + V (2,1,C) + V (1,2,C) = • 

We set 'A 2 = A 2 \ { (3, 1, 5) } . Then, it is easy to see that 

Ki,i,M)}(i,i,A/)e'A 2 U {[2,5]} U ([m\ B>c ]) 

is an 5-free basis of F| . For any (j, i, M) e A 2 , let us simply denote [j, (i, M)] = 
[ej (g) -u; 2 ijM) ] E 'F| by [j, i, M] . Then 

{\i^ M \}{j,i,M)e# U {(^M))}(^M)e'A 2 U {([2,5]}} U «K ifliC ]» 
is an 5-free basis of '5 2 2 . Let *F 2 2 be the 5-submodule of 'F 2 2 generated by 
{[j,z,M]} ( .. M)e ^ U {([2,5])} U (([m% BtC ])) 

and let Vl be the restriction of 'tp\ to *F| . In order to define *F| , we set *A 2 = A 2 \ A 2 = 
{(3, 1, B)} . Because 

2 2 2 

U (3,1,B) — ~ V (2,1,C) ~ V (1,2,C) ) 

we define *w^ 3 1 B ^ G 'F 3 2 to be 

-e 3 <8> w 2 1)B) + e 2 ® wf l c) - ei <g> w 2 2iC) . 

Let *Ff be the 5-submodule of 'Ff generated by *n; 2 3 x B ^ and let \p\ be the restriction of 
'ifl to *F| . Thus we get a complex 

q j_ *^2 *^2 *^ *^2 Vl^ *^i2 _ ^> 

Let us denote (*F 2 , *<£>•) by (5 3 , <£> 3 ) . Moreover, we put x B) = % 2 3 x B) . Then, by [331 
and 13.61 we have the next result. 

Lemma 4.11 (5 3 , y? 3 ) is an acyclic complex of finitely generated free R-modules satisfy- 
ing the following conditions. 

(1) Imtf = I 3 : R Q 2 . 

(2) u; 3 3 x B ) zs an R-free basis of F| . 

(3) { [j,i,M] } U)i)M)e # U { ([2,5]) } U (([m% BtC ])) is an R-free basts of F| . 

(4) Tae following equality holds ; 

= 1 2 ' 1, 5] + /■ [1, 1, 5] + x- [3, 1, C] 

-^•[l,l,C]-/-[3,2,C]+^-[2,2,C]. 
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We put A 3 = *A 2 = {(3, 1, B)} and A 3 = {1, 2, 3} x A 3 . We simply denote (i, (3, 1, B)) e 
A 3 by (i,3,l,B). Then A 3 = { (i, 3, 1, B) }j=i,2,3 • By (4) of EH we have 

^3 (^3,1,5)) = 37 '^1,3,1,5) + V ' V {2, 3,1,5) + 2:7 ' W ( 3 3,3,1,B) > 

where 

4,3,1,5) = [3, 1,C]- [2, 1,5], uf 2AljB) = [l,l,B]-[3,2,C] and 

v 3 W) = [2,2,C}-[l,l,C}. 

Thus a family {v 3 { 31B ^ }i=i,2,3 of elements in F| is fixed and we see Im cp\ C QF| . Because 

Im^ 3 : fl Q = (J 3 : fl Q 2 ) : R Q = I s : R Q 3 

and F 3 = R, by 13.11 we get the next result. 

Theorem 4.12 Let a = 1 , a' = 2 , 2/3 < f3' , 2-y < i and ch R = 2 . 2%en we /jaw 

(J 3 :*Q 3 )/(/ 3 : R Q 2 ) = R/Q. 

It is easy to see that 

f [2,1,5], [3,1,5], ] 
U [1,1, [2,1,C], } U (([ml ByC ])) 
{ [1,2, C], [3,2, C] J 

is an i?-free basis of F 3 . Therefore, by 13.41 we get the following result. 

Theorem 4.13 Let a = 1 , a' = 2 , 2/3 < p' , 27 < 7' and ch 5 = 2 . TTien, t< /oZZows 
too* depth ^(J 3 Q 3 ) > , and so J (3) = J 3 : fl Q 3 . Moreover, we have £ R (I^/I 3 ) = 
7-£ R ( R/Q ) = 7a/3-£ R ( R/(x, y, z)R ) . 

The last assertion of 14. 131 holds since £ R {I^ 3 ' / 1 3 ) coincides with 

U (/ 3 :r g 3 )/(/ 3 :r Q 2 ) ) + £r( (I 3 : R Q 2 )/(/ 3 :r Q) ) + Ir{ * Q)/I 3 ) 
= £ R {R/Q) + 3-£ R (R/Q)+3-£ R {R/Q) 

bv Ol K8\ and I4TT21 

5 Computing e- multiplicity 

Let R be a 3-dimensional regular local ring with the maximal ideal m = (x,y,z)R. Let 
/ be the ideal generated by the maximal minors of the matrix 

f x y z \ 

\y z x 2 J 
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We will compute the length of P n > / I n for all n using the *-transforms. As a consequence 
of our result, we get e(I) = 1/2 , where 

e(7) := lim ^.^( /(»)//» ), 

which is the invariant called e-multiplicity of I (cf. [1], [6]). Let us maintain the same 
notations as in Section 4. So, a = z 2 — x 2 y , b = x 3 — yz , c = y 2 — xz , S = R[A, B, C] , 
/ = xA + yB + zC and g = yA + zB + x 2 C . Furthermore, we need the following notations 
which is not used in Section 4. For any < d G Z , we denote the set {B^C 1 | < (3 , 7 G 
Z and /3 + 7 = c?} by m^ c , and for a monomial L and a set S consisting of monomials, 
we denote the set {LM | M G 5} by L-S . 
Let n > 2 . Then the complex 




is acyclic and gives a minimal free resolution of I n . We denote this complex by (F. 1 , ipl) . 

As A 1 , which is an i?-free basis of F3 1 = S n -2 , we take m^~J c . Then, for any M G A 1 , 
we have 

ip\{M) = x-v\ 1>M) + yvf 2M) + z-vf 3tM) , 

where 

v\ 1M) = {AM) - x- [CM] , v\ %M) = (BM) - [AM] , v\^ M) = {CM) - [BM] . 
Hence, by 13.11 we get the following. 

Lemma 5.1 (I n : R m)/I n S (R/m)®® . 

The next result can be checked directly. 
Lemma 5.2 Suppose n > 4 . Then, for any N G m^~J c 7 we /iai>e 

U (3,A2AT) = V (2,ABN) ~ V {1,B 2 N) + ^(l.ACJV) — X ' V (2,C 2 N) + X ' V (3,BCN) ■ 

Let A 1 = {1, 2, 3} x A 1 . Then the following result holds. 
Lemma 5.3 As an R-module, F 2 = S^-i © •S'n-i ^ s generated by 

Proof. Let G be the sum of the i?-submodule of F 2 generated by the elements stated 
above and XtiF 2 . It is enough to show that [m^"y] c ] and (m^~^ c ) are contained in G . 

First, let us prove (L) G G for any L G m^~^ c . We write L = A a B /3 C' 1 , where 
< a, (3, 7 G Z and a + /3 + 7 = n- l. If a > , 

(L) = (A-^-^C 7 ) = v\ lAa - lBPci) +x-[C-A a - 1 B?C^} EG. 
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Hence, we have to consider the case where a = . However, as 

(C n - 1 ) = (C-C n - 2 ) = uf 3)Cn - 2) + [B-C n - 2 ] G G and 
(BC n - 2 ) = {B-C n ~ 2 } = v^ cn -2 } + [A-C n ~ 2 } G G, 

we may assume ft > 2 . Then, as 

(L) = {B-B^C 1 ) 

= v \l,BP- l Ci) + [A-B 1 C 7 ] 

= VfrBP-^Cr) — V (3,AB0- 2 C-f) + (G- AB' 3 2 C 7 ) 

and as (G- AB^C) = (A-B^ 2 C^ +1 ) , we get (L) e G . 

Next, we prove [m^ c ] C G. Let us notice m£"j jC = A-m^^c u B ' m Xc u {C™ -1 } • 
For any M G m^J c and any X G m^ 2 - , we have 

[AM] = -v\ 2M) + (BM) G G and [5X] = -v\^ x) + (GX) G G . 

Hence, the proof is complete as [G™ -1 ] G G holds obviously. 

Now, let q be the largest integer such that q < n/2. For any 1 < k < q , we would 
like to construct an acyclic complex 

— >• F k F k F? F* = R 
of finitely generated free -R-modules satisfying the following conditions, 
(ttf) Impf = I n : m^ 1 . 

(H2) has an i?-free basis indexed by A fe := m^~J fc c , say {wm}m6A' • 

(tJg) Let A fe = {1,2,3} x A k . Then, there exists a family {^ M )}(iM)e# °^ e l emen ts m 
F% satisfying the following conditions . 

(i) For any M G A k , <^(<m)) = ^(i,m) + 2/^(2,m) + z ' v $m) ' 

(ii) If k < q , for any N G A fc+1 := m£jj7 2 » 

U (3,A 2 JV) = U (2,ABJV) — u fl,B2jv) + ^fl.ACW) — ^'^C^JV) + X ' V (3,BCN) ■ 

(iii) There exists a subset £/ fc of F k such that {^m)}(jm)6# ^ ^ g enera tes F 2 fe 
and 

/ n-2k + 2\ . fn-2k~" 
2 



|f/ fe | =rankF 2 fe -3- 



where the last binomial coefficient is regarded as if k = q . 
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Let us notice that the acyclic complex (F. 1 , ip\) , which is already constructed, satisfies 
(Hi)) ($2) ( W M i s M itself for M G A 1 ) and (fj|). So, we assume 1 < < q and an acyclic 
complex (F k , <p.) satisfying the required conditions is given. Taking the ^-transform of 
(F k , (p k ) with respect to x,y,z , we would like to construct (F k+1 , ip k+1 ) . 

First, we have the following result since the conditions (Jj^), (JJ*) and (i) of (Jjg) are 
satisfied and (I n :r m k ~ 1 ) :r m = J n m fc . 



Lemma 5.4 (7 n : R m k )/(I n : R m^ 1 ) F 3 fc /tnF 3 * , so 



n-2£; + 2 
2 

If T is a subset of A fc and 1 < i < 3 , we denote by (i, T) the subset {(i, M) M 6 T} 
of A fc . Let us notice that A k is a disjoint union of A 2 -A k+1 , A-m^f" 1 and m^f . We set 

'A k = (l,A k ) U (2,A fe ) U (3,i.mg H Umg fc ). 
Then the next result holds. 

Lemma 5.5 {^ A f)}(i,Af)e'A fe U ^ fe * s an R-f ree basis of F k . 
Proof. Because 

|'A fc | = 2 • |A fc | + lA-m™;^ 1 U m™;^| 
= 2- |A fc | + \A k \A 2 -A k+l \ 
= 3 ■ |A fc | - |A fc+1 | 

n-2k + 2\ fn - 2k 



3 • 



by (iii) of we have |A fc | + = ranki 7 ^. Hence, by 13.31 it is enough to show that, 
for any N G A fc+1 , v k 3 A2N ^ is contained in the sum of the i?-submodule of F 3 generated 

b y H,M)}(i,M) 6 'A* U and mF k . We write A/" = A a X , where X G m™;^- 2 " . Then, 
using the equalities in (ii) of the required containment can be proved by induction 
on a . 

Let *F 2 fc be the -R-submodule of 'F k generated by 

where [i, M) = [e* ® w^-] for any (i, M) G A fe , and let V2 be the restriction of '<^2 to *F 2 fc . 
In order to define *F k , we notice A k \A k = {(3, A 2 N) \ N G A k+1 } . Looking at (ii) of 

k 



we define *wf 3A2N) G F k to be 



— e 3 ® u>^ 2jv - e 2 <S> w k ABN — e x ® w k B2 N + e\ ® w k ACN + x ■ e 2 <S> w k c2 N + x ■ e 3 ® w k BCN 
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for any iV G A k+1 . Let *F k be the .R-submodule of F k generated by {*w k 3 A 2 N )}n e A k+1 
and let *ip k be the restriction of '<p\ to *F k . Thus we get a complex 

q y *pk *^3^ *pk *pk fl^ *pk 

Let us denote (*F. fe , V.) by (F k+1 , ip k+1 ) . Moreover, we put w 1 ^ 1 = *w k 3A 2 N ' ) for any 
N G A fc+1 . Then, by 13.51 and 13.61 we have the next result. 

Lemma 5.6 (F k+1 ,<f k+1 ) is an acyclic complex satisfying the following conditions. 
(1) Im^ +1 = I n : R m k . 



(2) {w k ^ l } N ^^k+i is an R-free basis of F k+i 



3 

fc+i 



(3) {{i,M]} {hM)( _~ k U (U k ) ts an R-free basts of F h 2 

(4) For any N G A k+1 , the following equality holds ; 

¥>3 +1 {w k + 1 ) = -x ■ [2, A 2 N] +y[l, A 2 N] - x ■ [3, ABN] +z-[l, ABN] 

-y[3, B 2 N] + z-[2, B 2 N] + y[3, ACN] - z ■ [2, ACN] 
+ x 2 [3, C 2 N] - xz ■ [1, C 2 N] + x 2 [2, BCN] - xy ■ [1, BCN] . 

The assertions (1) and (2) of the lemma above imply that (F k+1 , tp k+1 ) satisfies 
and (H2 +1 ) , respectively. Moreover, by (4) we have 

= x ■ v k {1 % + y ■ + z ■ 

for any iV G A fc+1 , where 

u fc +i = -[2, A 2 N] - [3, ABN] + x ■ [3, C 2 N] + x ■ [2, BCN] , 



v k +^ = [1,A 2 N] - [3,B 2 N] + [3, ACN] -x- [1,BCN], 
vf+L = [I, ABN} + [2,B 2 N] - [2, ACN] -x- [l,C 2 N\. 



Thus a family { v (i~N)} ^ N ^ e °f elements in F k+l satisfying (i) of (tl3 +1 ) is fixed, where 

A fc+i = {i ; 2,3} x A k+1 . The next result, which can be checked directly, insists that (ii) 
of (d3 +1 ) is satisfied if k + 1< q . 

Lemma 5.7 Suppose k + 1 < q . Then n — 2k — 4 > and we /jane 

_ v k+i _ fc+i , fc+i _ . „ fc+i , r . „fc+i 

U (3,A 2 L) ~~ U (2,ABL) U (1,B 2 L) ^ u (l,ACL) X U (2,C 2 L) ^ X U (3,BCL) 

for any L G A k+2 := m^JjT 4 . 

If T is a subset of A fc and 1 < i < 3 , we denote by [i, T] the family {[i, M]}m6T of 
elements in K\ ® R F k . The next result means that (iii) of is satisfied. 
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Lemma 5.8 We set 

U k+1 = [l.A-m^-j*- 1 U m r ^ k ] U [3,A fc ] U 

{[2, ABC n - 2k - 2 ] , [2, AC 71 -™- 1 } , [2, BC 11 - 2 ^ 1 } , [2, C n ~ 2k ]} U . 

Then {^ ) } (ijAr)6A TT 1 U t/ fe+1 generates F 2 fc+1 and 

Proof. Let G be the sum of the -R-submodule of F k+1 generated by {vf^\} r N)(Z/ ^+! U 



(i,iV)J(i,jv)eA fc + 1 

£/ fc+1 and mF 2 fc+1 . We would like to show G = F 2 fc+1 . Let us recall that 

[l,A k ] U [2,A k ] U [3,A fc ] U (U k ) 

is an i?-free basis of F k+1 and notice that A fc is a disjoint union of A 2 -A k+1 , A-m^g^ 1 
and m^ fe . Because [3, A fc ] C U k+l , it is enough to show [ 1, A 2 -A fc+1 ] U [ 2, A k } C G . 
First, we prove [ 1, A 2 - A fc+1 ]CG, Let us take any AT G A fc+1 . Then 

[1, A 2 N] = v k + l N) + [3, B 2 N] - [3, AG AT] + x - [1, -BGAT] G G , 

and so the required inclusion follows. 
Next, we prove [2, A fe ] C G. Because 

[2, A 2 N] = - [3, ABN] + x ■ [3, G 2 N] + x ■ [2, EGN] G G 

for any A" G A fe+1 , we have [2, A 2 -A fc+1 ] C G . Furthermore, for any B^C 1 G m^ fc_1 , we 
get [2, AB^C 1 } EG. In fact, [2, A^G 7 ] G t/ fc+1 if /3 = or 1 , and if > 2 , we have 

[2,AB^G 7 ] = [2,B 2 -AB^ 2 C y ] 



v 



^Xb^c,) - [hA 2 B^\ + %A 2 B^ 2 C^]+ 



x-[l,AB p - 2 C^ 2 } G G 



Hence [2, A-m^ fe_1 ] C G . In order to prove [2, m^f ] C G , we newly take any B^C 1 G 
m S7c fc • We have t 2 , bPci ] e if /? = or 1 , and if /3 > 2 , we have 



[2,^G 7 ] = [2,fi 2 -5 /3 - 2 G 7 i 



^_ 2r7 , - [1, AB?- 1 ^} + [2, AB^G^ 1 ] + x- [1, £?^ 2 G 7+2 ] G G . 



(3,B0- 2 CT) 

Hence the required inclusion follows, and we have seen the first assertion of the theorem. 
By (3) ofESwe have rankF 2 fc+1 = 3-|A fc | + \U k \ . On the other hand, 

\U k+1 \ = \A k \ A 2 -A k+1 \ + |A fc | +4+ \U k \ 
= 2-\A k \ - \A k+1 \ +4+ \U k \ . 
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Hence we get 



rankF 9 fe+1 - \U k+1 \ = \A k \ + \A k+1 \ - 4 



= 3- 

and so the second assertion holds. 

Thus we have constructed an acyclic complex 



n - 2k + 2\ fn- 2k\ 

2 M 2 J" 4 
n-2k\ (n-2k-2 
2 



of finitely generated free .R-modules satisfying (JJf), (J}|) and (J}g). Of course, n — 2g 
or 1 , and 

{ 1 } if n - 2q = 

{A,5,C} ifn-2g = l. 



> 

A 9 



The second condition of (iii) of ($|) implies rankFl = |A?| + If/ 9 ! . Hence, by the first 

|,M)}(i,M)e5 



condition of (iii) of we see that WjMllviiwneAz ^ mus ^ De an -R-free basis of 



F 2 9 . Therefore, by 13.41 we get the next result. 
Theorem 5.9 depth R/(I n : R m q ) > , and so = I n : R m q . 
Let us compute £ R (I^/I n ) . By 15.91 and 15.41 we have 

i R ( I^/r ) = (I n : m k )/(I n : m*" 1 ) ) = ]T ( n ~ 2 * + 2 ) 

fc=i fc=i V - / 

As a consequence, we get the next result. 
Theorem 5.10 The following equality holds ; 



£ R (I {n) /I n ) 



2\ 3 J A\ 2 J 8\1 

1 fn + 2\ 1 fn + 1\ 1 /n 

2 1 3 J ~ 4 V 2 J ~ 8 U 



r l/n + 2\ l/n+l\ l/n\ 1 

— if n is even, 



if n is odd. 
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